Abstract. The Green function C of the Schrödinger operator with a magnetic field (i.e. the Landau operator) H is studied. Two representations of G are used, namely in form of an integral and of a series. The space-variable asymptotics as well as the energetic ones are obtained. The analytical and asymptotical properties of C we obtain are related to point perturbations of H. Klitzing [19], periodic and stochastic perturbations of the Landau operator become the subject of intensive studies both in mathematics and in theoretical physics (see, e.g., [3, 5 -7, 23, 25] and the references therein). A number of results explaining some properties of quantum Hall systems has been obtained by means of point perturbations of the Landau operators (see [2, 8, 11, 12, 14, 16] ) etc. The simplest way to strict mathematical justification of such results is based on the use of the Krein resolvent formula (see [1, 21, 23] ). The possibility of this use takes placeonly if the Green function G of the unperturbed operator possesses some analytical and asymptotical properties. Our first goal in the present paper is to show that the Green function of the Landau operator has properties required for existence of the Green function of the operator H perturbed by a zero-range potential supported on an infinite discrete set [13] (see Theorem 3 and equation (5.5)).
Introduction
By a Landau operator, we mean a three-dimensional Schrodinger operator H with a uniform magnetic field B (see [5: Subsection 1.3] ). After the discovery of quantum Hall effect by K. von Klitzing [19] , periodic and stochastic perturbations of the Landau operator become the subject of intensive studies both in mathematics and in theoretical physics (see, e.g., [3, 5 -7, 23, 25] and the references therein). A number of results explaining some properties of quantum Hall systems has been obtained by means of point perturbations of the Landau operators (see [2, 8, 11, 12, 14, 16] ) etc. The simplest way to strict mathematical justification of such results is based on the use of the Krein resolvent formula (see [1, 21, 23] ). The possibility of this use takes placeonly if the Green function G of the unperturbed operator possesses some analytical and asymptotical properties. Our first goal in the present paper is to show that the Green function of the Landau operator has properties required for existence of the Green function of the operator H perturbed by a zero-range potential supported on an infinite discrete set [13] (see Theorem 3 and equation (5.5) ).
The advantage of zero-range potentials is the possibility to find the spectral parameters of perturbed operators in an explicit form. For this purpose explicit formulae for the Green function G are required. Our second goal is to derive such formulae (see Theorems 1 and 2) . In this connection we give direct proofs of the main results using the formulae for C, although certain of the proofs can be obtained by the use of general properties of pseudo-differential operators [126] . Some results of the present paper have been announced without proofs in [10, G(x,y;2dy
for almost all x E R3 and for all ( E p(H) = C \ a(H) (see [20: Chapter III, Theorem
4.2]).
At the beginning we recall some relevant properties of the two-dimensional Landau operator H 2 which is-by definition the closure of the symmetric operator H 2 defined on the space G'°(R 2 ) by the relation (2) 7 3
(see, e.g., (9: Subsection 1.1]). The spectrum of H 2 is a pure point one and consists of infinitely degenerate eigenvalues (the Landau levels) ej = w(1 + )(l > 0). The Green function G (2) (x, y;() of the operator H 2 has the explicit form
where r is the Euler 17-function, 'I' is the confluent hypergeometric function (see (4: Vol. The orthogonal projection P1 onto the eigenspace of H 2 corresponding to the eigenvalue El is an integral operator with kernel
where 
The series representation of G(x, y ; ()
The following theorem is the main result of this section.
Theorem 1. The following assertions are valid: (i) For every ( E p(H),

G(x,y;()= (x,y)
F^6, , The proof of the theorem is based on the lemma below. 
where the series converges locally uniformly in the domain R x p(H). Hence the function C is continuous in this domain, and for every fixed (x, y) E R the function G(x, y; . ) is holomorphic in p(H). (ii) If
The following assertions are valid:
(i) The series S and 5' converge locally uniformly in the domain (R3 \ {0}) x (C \ R). 
.o S'(x; ).
Proof. Assertion (i): Let 0 0 i E R3 . Since 
where
We shall prove uniform convergence of the series (10) in the region IX31 1 and p E [81 ,82 ] via the Abel-Dirichlet criterion. First we show that the sequence {a(x3)}0>0
On the Green Function of the Landau Operator 855 decreases for sufficiently large indices n and tends to zero uniformly with respect to X3. Denote __
It is easy to show that f'(A) < 0 if A is sufficiently large. Therefore there is an integer no such that the sequence {an(x3)}n>n 0 decreases. As lim_ 00 a fl (x 3 ) = 0 for all X 3 E [-1, 1], the sequence {a(x 3 )}fl>o converges uniformly with respect to x 3 by the Dini theorem.
Let us prove now uniform boundedness of the partial sums of the series E b(p).
By virtue of equation (9) (5 , 521 (by the Abel-Dirichlet criterion for uniform convergence). Thus assertion (i) of the lemma is proved.
Assertion (ii): It is sufficient to note that repeating the previous arguments we can prove the following statement: 
In -Cl exp(-/Ix3I) = In -Cl
It is clear that this expression tends to one locally uniformly with respect to ( E C \ R+ and uniformly with respect to x 3 , IX31 S 1. Let now R+ be given. Then there exists a neighbourhood V of (o such that for all CE V we have exp ( -\/' I x3l) <CecP(_'ilx3l) -n for some C > 0. As exp(-/Iz3I) decreases monotonically by n, it is sufficient to prove that +00 lim 1x31 for 1x31 < 1. Obviously, (12) implies (11) , and the lemma is proved I Proof of Theorem 1. It is evident that the operator H is the sum of two operators H = H 2 0 I 3 + IX 1 ,Z 2 0 (-) (13) where L3 f and I is the identity operator in the corresponding subspace. By virtue of (13), we obtain the resolvent R(() as sum of the series
which converges in the strong operator topology. It is well-known that the second factor in the sum (14) has the integral kernel
From (14), (4), (5) and (15) we obtain equation (6) (in the sense of strong operator topology). Therefore the statements of the theorem follow from the corresponding statements of Lemma 11 Remarks.
(1) Strictly speeking, the Green function G(x, y; () as a function of (x, y) is defined in R3 x R3 almost everywhere only. To avoid ambiguity we consider from here on the function G(x, y; () as pointwise sum of the series (6) if x j4 y.
(2) The formal representation of the function C in the form (6) has been obtained in [25] without proof of convergence of the series (6) in any sense.
Auxiliary results
At first we introduce the notation I J = {x E R3 : x j A 0). Consider the integrals 
Moreover, the integral in the right-hand side converges locally uniformly in the domain
(R3\{0})x{(EC: Re( <).
Proof. Lemma 2 makes possible to interchange in (17) the order of integration. Using equation (19) , we obtain
The change of variable = exp (-u) yields the right-hand side of (21) . Obviously, the integral (21) converges on the upper limit of integration absolutely and uniformly in any set of the form R3 x {( E C Re( -6} where 5 > 0. If u > 0 is sufficiently small, then e lz -1 < 2u, therefore for all u belonging to a sufficiently small interval (0, E) exp( -ir (xj(eu -1)' + xu')) exp (-Moreover, for all (x,() with lxi > S and , Re( < the integral (21) 
-00
Because of (20) 
(ii) For every (x, y) E R we have
Proof. Applying the Fourier transform with respect to x 3 to the operator (1) Proof. Using (25) and (5), we obtain the assertion from Lemma 61 and the assertion is proved I
We want to give in conclusion an application of the obtained results to the finding of zero-range perturbations of the three-dimensional Landau operator. Namely, we give a simple derivation of the diagonal elements Q0,0 (z) of the Krein Q-matrix for the operator H. Because of analyticity in z, Q , (z) can be defined up to addive constant by the relation aQ&,a(z)-ôG (a,c;z) azôz where Re < (see [17] ). From equation (26) we get 
We remark that this equation has been obtained at a physical level of rigour in [7: Section VII.2/Formula (VII.2.9)).
